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In this paper, we consider the maximum coclique design of the
sporadic Suzuki graph. Then we obtain the 3-(66,16,21) design
with the automorphism group U3(4) : 4. We construct this design
as an extension of a 2-design which is described by the 2-transitive
action of U3(4) on the 65 isotropic points of the 3-dimensional
unitary space over F16. Further, by using this design, we give a
new construction of the sporadic Suzuki graph.
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1. Introduction
The Suzuki sporadic simple group Suz was discovered by M. Suzuki [8] and constructed as an index
2 subgroup of the full automorphism group of a rank 3 graph, called the sporadic Suzuki graph. This
is the largest one of the “Suzuki tower” of rank 3 graphs with the full automorphism groups L3(2) : 2,
U3(3) : 2, J2 : 2, G2(4) : 2 and Suz : 2 (see ATLAS [4] for the notation of groups). In [6], we gave a
relation between the Hall–Janko graph for J2 : 2 and the Witt system W10, and gave a construction of
the Hall–Janko graph. In this paper, we consider the maximum coclique design of the sporadic Suzuki
graph and give a new construction of the graph.
In Section 2, we recall a general theory of the maximum clique and coclique designs for strongly
regular graphs. For a clique or coclique C of strongly regular graphs, the upper bounds of its size |C |
is given by Theorem 2.1 (called the Hoffman bound). If C attains the bound, we obtain a 2-design
D = (C, V \ C) where p ∈ C and B ∈ V \ C are incident if and only if {p, B} is an edge of the graph.
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96). Let C ′ be a maximum coclique of Γ . Then |C ′|  66 by the Hoffman bound. Then if |C ′| = 66,
the incidence structure D ′ = (C ′, V \ C ′) is a 2-design. Furthermore by the integrality of parameters
(Proposition 2.4), we see that a set of the parameters of D ′ is 2-(66,16,96) or 3-(66,16,21). By using
Magma [2], we can verify that there exists a maximum coclique of size 66 of Γ and D ′ = (C ′, V \ C ′)
is a 3-(66,16,21) design with the automorphism groups Aut D ′ = U3(4) : 4 (Theorem 2.5).
In Section 3, we construct the design isomorphic to D ′ . The design D ′ is obtained as an exten-
sion of a 2-design with the automorphism group U3(4) : 4, and the 2-design is described by the
2-transitive action of U3(4) on the 65 isotropic points of the 3-dimensional unitary space over F16.
Finally, we give a new construction of the sporadic Suzuki graph from the 3-(66,16,21) design in
Theorem 4.1.
2. Maximum clique and coclique designs
A strongly regular graph Γ = (V , E) with parameters (v,a, c,d) is a graph with the vertex set V
of size v and the edge set E , not complete or null, in which the number of common neighbours of
x, y ∈ V is a, c or d according as x and y are equal, adjacent or non-adjacent, respectively. Then the
graph Γ has the eigenvalues a,α,β (α < β), where α,β = 12 (c − d ∓
√
(c − d)2 + 4(a − d)). For x ∈ V ,
the neighbourhood graph Γ (x) of x is the subgraph of Γ whose vertex set is the set of the vertices
adjacent to x. A maximum clique (resp. coclique) is a set of vertices of maximum size, any two of
which are adjacent (resp. non-adjacent) to each other.
The following theorem is called the Hoffman bound (see [3, Proposition 1.3.2]).
Theorem 2.1 (A.J. Hoffman). Let Γ be a strongly regular graph with parameters (v,a, c,d), and smallest
eigenvalue α.
(1) If C is a clique of Γ , then |C | 1 − a/α, with equality if and only if every vertex x ∈ V \ C has the same
number of neighbours (namely −d/α) in C .
(2) If C ′ is a coclique of Γ , then |C ′| (1− a/α)−1v, with equality if and only if every vertex x′ ∈ V \ C ′ has
the same number of neighbours (namely −α) in C ′ .
A t-(n,k, λ) design D = (X,B) is a pair of a set X of points of cardinality n and a set B of
blocks with the properties that each block is incident with exactly k points and any t points are
incident with exactly λ blocks. It follows that every i-subset of points (i  t) is contained in exactly
λi = λ
(v−i
t−i
)
/
(k−i
t−i
)
blocks. The derived design Dp of D with respect to the point p ∈ X has point set
X \ {p} and block set {B \ {p} | B ∈ B, p ∈ B}. It is a (t − 1)-(v − 1,k− 1, λ) design. The point-residual
design Dp of D with respect to the point p ∈ X has point set X \ {p} and block set {B ∈ B | p /∈ B}. It
is a (t − 1)-(v − 1,k, λt−1 − λt) design.
The following proposition is an easy consequence of Theorem 2.1.
Proposition 2.2. Let Γ = (V , E) be a strongly regular graph with parameters (v,a, c,d) and eigenvalues
α,β (α < β). Suppose that C (C ′) is a clique (coclique) of Γ . We deﬁne the incidence structure D = (C, V \ C)
(D ′ = (C ′, V \ C ′)) where p ∈ C and B ∈ V \ C (p′ ∈ C ′ and B ′ ∈ V \ C ′) are incident if and only if {p, B} ∈ E
({p′, B ′} ∈ E).
(1) If |C | = 1− a/α (=m), then D is a 2-(m,−β +m − 1, c −m + 2) design.
(2) If |C ′| = (1− a/α)−1v (= n), then D ′ is a 2-(n,−α,d) design.
Proof. For x ∈ V , we denote the vertex set of a neighbour graph Γ (x) by V (Γ (x)).
(1) By Theorem 2.1(1), for each B ∈ V \ C , the number of elements of C incident with B is
|V (Γ (x)) ∩ C | = |C |(a − |C | + 1)/v − |C | = −d/α = −β +m − 1. Since Γ is a strongly regular graph
with parameters (v,a, c,d) and any two vertices x, y ∈ C are adjacent, the number of common neigh-
bours of x and y in the sets of V \ C is |V (Γ (x)) ∩ V (Γ (y)) \ C | = c −m + 2. It follows that D is a
2-(m,−β +m − 1, c −m + 2) design.
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|V (Γ (x′)) ∩ C ′| = a|C ′|/v − |C ′| = −α. Since Γ is a strongly regular graph with parameters (v,a, c,d)
and any two vertices x′, y′ ∈ C ′ are non-adjacent, the number of common neighbours of x′ and y′ in
the sets of V \ C ′ is |V (Γ (x′)) ∩ V (Γ (y′))| = d. It follows that D ′ is a 2-(n,−α,d) design. 
We call the 2-designs D and D ′ in Proposition 2.2 the maximum clique design and the maximum
coclique design, respectively.
Remark 2.3. In general, the designs D and D ′ are allowed repeated blocks, that is, a block set B is a
family rather than a set of sets, and the same k-element set of points may occur more than once as a
block.
The following proposition is easily seen by the integrality conditions for the existence of t-designs.
Proposition 2.4. Let D and D ′ be maximum clique and coclique designs.
(1) If D is a t-design for t  3, then
λt′ = (−β +m − 3)(−β +m − 4) · · · (−β +m − t
′)(c −m + 2)
(m − 2)(m − 3) · · · (m − (t′ − 1))
is a positive integer for every t′  t.
(2) If D ′ is a t-design for t  3, then
λ′t′ =
(−α − 2)(−α − 3) · · · (−α − (t′ − 1))d
(n − 2)(n − 3) · · · (n − (t′ − 1))
is a positive integer for every t′  t.
We denote by Suz the Suzuki sporadic simple group. From the web site of ATLAS [1], we can get
the set of generators of Suz as a permutation group on 1782 points. Then the sporadic Suzuki graph
Γ = (V , E) can be constructed as a rank 3 graph on the computer. Then Γ is a strongly regular
graph with parameters (1782,416,100,96) and eigenvalues α,β = −16,20. It is known that Γ has
a maximum clique C of size 6. Hence C is not attained the Hoffman bound in Theorem 2.1, and
the incidence structure D = (C, V \ C) is not a 2-design. Let C ′ be a maximum coclique of Γ . Then
|C ′|  66 by Theorem 2.1. By Proposition 2.2, if |C ′| = 66, the incidence structure D ′ = (C ′, V \ C ′)
is a 2-design. By Proposition 2.4, we have λ′3 = 21 and λ′4 = 13/3, and thus we see that a set of the
parameters of D ′ is 2-(66,16,96) or 3-(66,16,21). The following theorem is veriﬁed by using Magma.
Theorem 2.5. Let Γ = (V , E) be the sporadic Suzuki graph. Then there exists a unique maximum coclique C ′
of size 66 of Γ up to the action of the automorphism group of Γ and D ′ = (C ′, V \ C ′) is a 3-(66,16,21)
design with the automorphism group Aut D ′ = U3(4) : 4. There are two orbits of the action of Aut D ′ on the
point set C ′ , and their lengths are 1 and 65. The group Aut D ′ acts 2-transitively on the orbit of length 65.
The uniqueness in the above theorem is due to Kuzuta [7]. Here we explain brieﬂy the method
in [7] to ﬁnd a coclique of size 66 of Γ by using Magma. If there exists a coclique of size 66, the
neighbourhood graph Γ (x) of x ∈ V \ C ′ includes a coclique of size 16 because of the parameters
of D ′ . Therefore, we searched a coclique C ′′ of size 16 of Γ (x) and a coclique of size 66 of Γ which
includes C ′′ . For y and z which are vertices of Γ (x) and not adjacent, we may search cocliques of
size 14 of the subgraph of Γ (x) whose vertex set is a set of vertices non-adjacent to y and z instead
of C ′′ . Then by the computation, it can be shown that there are exactly ﬁve cocliques of size 16 in
Γ (x) up to the action of the automorphism group (∼= G2(4) : 2) of Γ (x). Next we show that there are
exactly three cocliques of size 66 of Γ which include one of the ﬁve cocliques of size 16. Finally, it
can be veriﬁed that these cocliques of size 66 are contained in one orbit of the automorphism group
(∼= Suz : 2) of Γ .
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Let D ′ = (C ′, V \ C ′) be the maximum coclique design of the sporadic Suzuki graph, and p ∈ C ′ be
the point ﬁxed by Aut D ′ . Then the derived design
D ′p =
(
C ′ \ {p},{z ∈ V \ C ′ ∣∣ {z, p} ∈ E})
is a 2-(65,15,21) design and the residual design
D ′p = (C ′ \ {p},{z ∈ V \ C ′ ∣∣ {z, p} /∈ E})
is a 2-(65,16,75) design.
We will construct the designs D ′p , D ′p and D ′ by considering the 3-dimensional unitary space U
over F16. We consider the group U3(4) : 4, which is generated by the special unitary group SU3(4)
and the ﬁeld automorphism of order 4, of semilinear transformations preserving a non-degenerate
Hermitian form (·,·) on U . For x ∈ U \ {(0,0,0)}, we set [x] = {γ x | γ ∈ F16 \ {0}}, the projective point
of the projective space P(U ). It is known that the group U3(4) : 4 acts 2-transitively on the set
P = {[x] ∈ P(U ) ∣∣ (x, x) = 0, x = (0,0,0)}
of 65 isotropic points of P(U ). We further set
Q = {[x] ∈ P(U ) ∣∣ (x, x) = 0},
the set of 208 non-isotropic points of P(U ). There exist exactly 416 (= 208 × 12 × 1/3!) orthogo-
nal bases, that is, triples of mutually orthogonal non-isotropic points. We denote by O the set of
orthogonal bases and set O [x] = {[y] ∈ P | (x, y) = 0} for [x] ∈ Q.
Lemma 3.1. Set
B1 =
{
O [b1] ∪ O [b2] ∪ O [b3]
∣∣ {[b1], [b2], [b3]} ∈ O}.
Then the incidence structure (P,B1) is a 2-(65,15,21) design with 416 blocks.
Proof. The group U3(4) : 4 acts 2-transitively on P and acts naturally on B1. Hence (P,B1) forms
a 2-design. The number of blocks (= 416) is equal to the cardinality of the set O, and the size of
the blocks of the design is equal to 15 (= 5 × 3) since |O [bi ]| = 5 and |O [bi ] ∩ O [b j ]| = 0 (i = j) for{[b1], [b2], [b3]} ∈ O}. 
Remark 3.2. Set B0 = {O [x] | [x] ∈ Q}. Then the incidence structure (P,B0) is a 2-(65,5,1) design.
Lemma 3.3.
(1) Each triple of collinear three points of P is contained in exactly 11 blocks of B1 .
(2) Each triple of non-collinear three points of P is contained in exactly 4 blocks of B1 .
Proof. It is easily veriﬁed that the group U3(4) : 4 acts transitively on the set of triples of collinear
(resp. non-collinear) three points of P . Hence the numbers of blocks of the statements (1), (2) do not
depend on the choice of the triples, respectively.
(1) Let B = O [b1] ∪ O [b2] ∪ O [b3] be a block of B1. If p,q ∈ Obi and p,q, r are collinear points
of B , then r ∈ Obi . If p ∈ Obi , q ∈ Ob j (i = j), there is a unique point q ∈ Obk (k = i, j) such that
p,q and r are collinear points of B . Therefore there are (
(5
3
) × 3 + 52 × 1) sets of collinear three
points in B . Let μ be the number of the blocks of B1 containing collinear three points of P . We have
416× ((53)× 3+ 52 × 1) = (652 )× μ, and hence μ = 11.
(2) Let ν be the number of the blocks of B1 containing non-collinear three points of P . Then we
have 416× (153 )= (652 )× (1× 11+ 20× ν), and hence ν = 4. 
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λ ∈ F16 and some ﬁxed x with (x, x) = 0, (x, y) = 0. We consider the set H[y] of the 16 hyperbolic
lines on [y], which are obtained as the form
L(y, x;λ) = 〈x+ λy〉⊥
for each λ ∈ F16 and some ﬁxed [x] ∈ Q satisfying (x, y) = 0. Now we regard the ﬁeld F16 as a 2-
dimensional aﬃne plane over F4, and denote by L the set of the 20 aﬃne lines of F16 = F24. Then
each line  ∈ L consists of 4 elements of F16. Next the set H[y] can be regarded as a 2-dimensional
aﬃne plane over F4 by deﬁning its “lines” as
⋃
λ∈ L(y, x;λ). By using the equality
L
(
αy, βx+ γ y; γ + αλ
β
)
= L(y, x;λ)
for α,β,γ ∈ F16 with α,γ = 0, it is easily veriﬁed that the structure of the aﬃne plane of H[y]
depends only on [y]. Finally we set
B2 =
{⋃
λ∈
P ∩ L(y, x;λ) \ {[y]} ∣∣∣ [y] ∈ P, [x] ∈ Q, (x, y) = 0,  ∈ L
}
.
Then it is easily seen that |B2| = 65× 20 = 1300.
Lemma 3.4. (P,B2) is a 2-(65,16,75) design with 1300 blocks.
Proof. Since the group U3(4) : 4 acts naturally on B2, (P,B2) forms a 2-design. Each aﬃne line 
consists of 4 elements and each set P ∩ L(y, x;λ) consists of [y] and the other 4 isotropic points.
Hence the size of the blocks of the design is equal to 16 (= 4× 4). 
Lemma 3.5.
(1) Each triple of collinear three points of P is contained in exactly 10 blocks of B2 .
(2) Each triple of non-collinear three points of P is contained in exactly 17 blocks of B2 .
Proof. (1) Let B =⋃λ∈ P ∩ L(y, x;λ) \ {[y]} be a block of B2. If p,q, r ∈ B are collinear points, then
p,q, r ∈ L(y, x;λ) for some λ. Therefore there are 16 sets of collinear three points in B . Let μ be the
number of the blocks of B2 containing collinear three points of P . We have 1300 × 16 = 65·64·33·2·1 × μ
and hence μ = 10.
(2) Let ν be the number of the blocks of B2 containing non-collinear three points of P . Then we
have 1300× (163 )= 65·64·(3μ+60ν)3·2·1 , and hence ν = 17. 
Set X = P ∪ {∞}, B˜1 = {B ∪ {∞} | B ∈ B1} and B = B˜1 ∪ B2, where ∞ is a new point. Then
Lemmas 3.3 and 3.5 show the following:
Theorem 3.6. The incidence structure (X,B) forms a 3-(66,16,21) design.
Proof. Let S be a 3-element subset of X . If ∞ is contained in S , there are 21 and 0 blocks containing
S in B˜1 and B2, respectively. If S consists of collinear three points of P , there are 11 and 10 blocks
containing S in B˜1 and B2, respectively. If S consists of non-collinear three points of P , there are 4
and 17 blocks containing S in B˜1 and B2, respectively. 
The following theorem is veriﬁed by using Magma.
Theorem 3.7.
(1) The design (P,B1) in Lemma 3.1 is isomorphic to the derived design D ′p .
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(3) The incidence structure (X,B) is isomorphic to the maximum coclique design D ′ of the sporadic Suzuki
graph.
4. A construction of the sporadic Suzuki graph
In this section, we will reconstruct the sporadic Suzuki graph from the 3-(66,16,21) design D =
(X,B) deﬁned in Theorem 3.7(3). Let Γ = (V , E) be the sporadic Suzuki graph and C be a coclique
of size 66.
We identify C and V \ C with X and B, respectively. The vertex set of Γ is X ∪ B. Two distinct
vertices of X are non-adjacent, since X is a coclique of Γ . For a member of X and B ∈ B, they are
adjacent if and only if they are incident in D .
The block intersection numbers of a design are the numbers of points contained in any two blocks
of the design. By a computation, we see that the block intersection numbers of D are {0,3,4,6}. For a
block B of the design D , let ni be the number of blocks that meet B in i points, where i ∈ {0,3,4,6}.
Then we have∑
i∈{0,3,4,6}
ni = 1715,
∑
i∈{0,3,4,6}
ini = 16× 415 = 6640,
∑
i∈{0,3,4,6}
i(i − 1)ni = 16× 15× 95 = 22800,
∑
i∈{0,3,4,6}
i(i − 1)(i − 2)ni = 16× 15× 14× 20 = 67200.
Thus we have the unique solutions n0 = 75, n3 = 800, n4 = 400 and n6 = 440.
By this information, we consider an adjacency condition in the sporadic Suzuki graph for any two
distinct blocks B, B ′ ∈ B. Since Γ is a strongly regular graph and the valency is 416, B ∈ B is adjacent
to 400 vertices of B. Therefore we suppose that B, B ′ ∈ B are adjacent if and only if |B ∩ B ′| = 4.
Indeed, by using Magma, it has been veriﬁed that the graph constructed as above is isomorphic to
the sporadic Suzuki graph. So, we have obtained a new construction of the sporadic Suzuki graph.
Theorem 4.1. Let D = (X,B) be a 3-(66,16,21) design deﬁned in Theorem 3.7(3). We deﬁne the graph Γ ′
with vertex set X ∪ B, as follows:
(1) two distinct vertices of X are non-adjacent,
(2) x ∈ X and y ∈ B are adjacent in Γ ′ if and only if x and y are incident in D,
(3) B, B ′ ∈ B are adjacent if and only if |B ∩ B ′| = 4.
Then Γ ′ is isomorphic to the sporadic Suzuki graph.
We consider the neighbourhood graph of ∞ of the sporadic Suzuki graph Γ ′ . Then the set of
vertices of Γ ′(∞) is equal to the set of the blocks of D∞ . Hence by Theorem 3.7(1), we have the
following:
Corollary 4.2. Let (P,B1) Let Dp = (X \ p,Bp) be the 2-(65,15,21) design obtained from U3(4) in Theo-
rem 3.7(1), which is the derived design of the 3-(66,16,21) design D deﬁned in Theorem 3.7(3). We deﬁne
the graph Γ ′′ with vertex set B1 such that B, B ′ ∈ B1 are adjacent if and only if |B ∩ B ′| = 3. Then Γ ′′ is
isomorphic to the G2(4)-graph.
We would like to note that this simple construction of the G2(4)-graph is already obtained by
D. Crnkovic´ and V. Mikulic´ [5].
1062 A.E. Brouwer et al. / Journal of Combinatorial Theory, Series A 116 (2009) 1056–1062References
[1] R. Abbott, J. Bray, S. Linton, S. Nickerson, S. Norton, R. Parker, I. Suleiman, J. Tripp, P. Walsh, R. Wilson, ATLAS of Finite Group
Representations—Version 3, published electronically at http://brauer.maths.qmul.ac.uk/Atlas/v3/.
[2] W. Bosma, J. Cannon, Handbook of Magma Functions, Department of Mathematics, University of Sydney, available online at
http://magma.maths.usyd.edu.au/magma/.
[3] A.E. Brouwer, A.M. Cohen, A. Neumaier, Distance-Regular Graphs, Ergeb. Math. Grenzgeb. (3) (Results in Mathematics and
Related Areas (3)), vol. 18, Springer-Verlag, Berlin, 1989.
[4] J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker, R.A. Wilson, ATLAS of Finite Groups, Oxford University Press, Eynsham, 1985.
[5] D. Crnkovic´, V. Mikulic´, Block designs and strongly regular graphs constructed from the group U (3,4), Glas. Mat. Ser.
III 41 (2) (2006) 189–194.
[6] N. Horiguchi, M. Kitazume, H. Nakasora, The Hall–Janko graph and the Witt system W10, European J. Combin. 29 (2008)
1–8.
[7] K. Kuzuta, Master Thesis, Chiba Univ., 2007 (in Japanese).
[8] M. Suzuki, A simple group of order, 448, 345, 497, 600, in: Theory of Finite Groups, Symposium, Harvard Univ., Cambridge,
MA, 1968, Benjamin, New York, 1969, pp. 113–119.
